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SUMMARY

A hybrid vortex method was developed to simulate the two-dimensional viscous incompressible flows over a
bluff body numerically. It is based on a combination of the diffusion–vortex method and the vortex-in-cell
method by dividing the flow field into two regions. In the region near the body surface the diffusion–vortex
method is used to solve the Navier–Stokes equations, while the vortex-in-cell method is used in the exterior
domain. Comparison with results obtained by the finite difference method, other vortex methods and experiments
shows that the present method is well adapted to calculate two-dimensional external flows at high Reynolds
number. It is capable of calculating not only the global characteristics of the separated flow but also the evolution
of the fine structure of the flow field with time precisely. The influence of the grid system and region
decomposition on the results will also be discussed.
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1. INTRODUCTION

Since the introduction of the vortex calculation method by Rosenhead1 in 1931, much progress has
been made in refining the method for simulating large-scale structures that are complementary to
experimental data and to predict flow characteristics which cannot be measured. An excellent review,
covering most aspects of discrete vortex methods in great detail, has been written by Sarpkaya.2

There are many kinds of vortex method, each with its inherent advantages and disadvantages, but
in general all vortex methods are capable of predicting the global features of unsteady separated flow
and the flow field far from the vorticity layer at high Reynolds number reasonably. They are also
relatively time-saving in computation because the methods are discrete only with respect to vorticity
sheets but not with respect to the whole velocity field.

The main feature of the discrete vortex method is that isolated line vortices or vorticity blobs are
introduced into the flow field and tracked numerically by a Lagrangian scheme. In this method, by
using potential flow theory and the Biot–Savart law to determine the velocity field, one need not use a
fixed mesh grid. However, the singular behaviour of the point vortex can lead to a physically
impossible flow velocity and instabilities. Moreover, the number of numerical operations is
proportional toN2 (N is the number of point vortices) when the velocity is determined by the Biot–
Savart law, and the CPU time increases rapidly with increasing number of point vortices.

The vortex-in-cell method3 bypasses the Biot–Savart law. In this method a Lagrangian frame is
used to track the vortices and a Eulerian frame is used to calculate the velocity field. A fixed mesh
grid is required to determine the velocity field. The number of calculations isM log2 M (M is the
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number of grid points) when the velocity is determined by solving the Poisson equation. An increase
in the number of vortices does not lead to a rapid increase in the number of calculations. However,
the accuracy of the results depends on the number of grid nodes. A sufficiently fine grid is required to
obtain a reasonable result. Also, a pseudoviscosity, which is inherent in the vortex-in-cell method, is
introduced into the flow. Some regard the above as an advantage, since the pseudoviscosity stabilizes
the velocity field calculations.

In order to simulate viscous diffusion, a random walk method was proposed by Chorin4 in 1973.
With this method the time integration is divided into pure diffusion and inviscid convection by the
operator-splitting approach. During time stepDt the pure linear diffusion equation and the inviscid
non-linear convection equation are solved separately. The solution of the diffusion equation is
simulated stochastically by a 2D displacement of the vortex elements in two orthogonal directions
using two independent sets of Gaussian random numbers. The convection velocity is determined by
either the Biot–Savart law or the vortex-in-cell method. The random walk method can reflect the
diffusion or vorticity. However, since the precision of the method is proportional to1=

p

N (N is the
number of point vortices), the number of vortices must beO�Re� to ensure sufficient precision. Thus,
a large amount of computation is required to obtain a good simulation.

A diffusion–vortex method was proposed by Lu and Ross in 1991.5 In this method, following
Chorin, the vorticity transport equation is divided into the linear diffusion equation and the non-linear
convection equation. The diffusion process for each time step is simulated by the solution of the
diffusion equation instead of by the random walk approximation. The convection velocity at each
mesh point is determined by solving the Poisson equation. This method can reduce the total CPU time
and avoid cut-off procedures of vortices. However, to obtain a good diffusion simulation accuracy,
the constraint condition of grid size must be satisfied. In fact, this method is unsuitable for calculation
in the far wake.

Despite the increasing power of computers, any solitary vortex method still suffers difficulties in
some situations. In order to overcome the existing problems of vortex methods, some hybrid vortex
schemeshave beendevised.Adeterministic hybridvortex method,6which consistsof solving theviscous
vorticity equation by interlacing a finite difference method for diffusion and a vortex-in-cell method
for convection, has been used to study the flow around an impulsively started circular cylinder. It is
believed that the hybrid vortex method remains one which requires further research and evaluation.

It is well known that for the case of high-Reynolds-number flow past a bluff body the effects of
viscosity are generally limited to the thin boundary layers on the body and the wake behind it. Thus
the distribution of vorticity in the flow field is sufficiently compact for its idealization in terms of
singularities embedded in an otherwise inviscid domain. The higher the Reynolds number, the more
compact is the region of vorticity. At high Reynolds number the whole flow field can be divided into
two regions and different methods can be applied to calculate the flow in each region. Some
researchers7,8 have applied the discrete vortex method combined with boundary layer theory to
simulate the flow past a circular cylinder. The results showed that the vortex method is both simple
and efficient for predicting lift and drag forces that are consistent with the experimental results
reported. More recently, in order to further improve the method and to reduce the difficulty in the
finite difference solution of the Navier–Stokes equations at high Reynolds number, a domain
decomposition hybrid method which combines a vortex method and a finite difference method has
been used by some researchers9,10 to simulate two-dimensional external viscous flows. The results
showed that the method has the advantage of the finite difference solution for the Navier–Stokes
equations in predicting precisely the fine structure of the flow field, as well as the advantage of the
vortex method in computing efficiently the global characteristics of the separated flow. It saves
computer time and reduces the amount of computation as compared with pure Navier–Stokes
equation solution.
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At high Reynolds number the real flow will only remain two-dimensional in the starting flow for a
limited time. Recently, the effect of three-dimensionality on the lift and drag forces of nominally two-
dimensional cylinders was investigated numerically by Mittal and Balachandar.11 Their results show
that the drag coefficient computed from two-dimensional simulations is higher than that obtained
from experiments and the difference between the drag computed from two-dimensional and three-
dimensional simulations is very much dependent on the cylinder geometry. Their results also show
that the frequencies of the lift and drag coefficients seem unchanged. Three-dimensional simulations
of flow lead to accurate prediction of drag, but they remain very expensive and are limited to
moderate Reynolds numbers. However, two-dimensional simulations are quite feasible, even for
complex geometries and relatively high Reynolds numbers. Thus it is not uncommon to use two-dimen-
sional simulations to predict the aerodynamic characteristics of a wing or the wind loads on a skyscraper.

The purpose of the present paper is to develop a hybrid vortex method for two-dimensional bluff
body flows at moderate Reynolds numbers. The method can be considered as a combination of the
diffusion–vortex method and the vortex-in-cell method by dividing the flow field into two regions. In
the region near the body surface the diffusion–vortex method is used to solve the Navier–Stokes
equations. In the exterior domain the vortex-in-cell method is used. In order to illustrate the
usefulness and accuracy of the present method, we consider three cases of flow past a circular
cylinder. Although the flow around a fixed circular cylinder may remain highly two-dimensional only
up to a Reynolds number of 200 owing to the perturbation in real flow, in the present investigation of
the flow past a rotating cylinder and rotationally oscillating cylinder the imposed perturbation is two-
dimensional and should at least improve the two-dimensionality of our present rather low-Reflow.
Some comparisons with experiments and numerical simulation are performed.

2. BASIC EQUATION

Let us consider a two-dimensional, viscous and incompressible flow past a circular cylinder with
constant velocity~U

1
.

The flow is governed by the continuity equation and Navier–Stokes equations as

H ? ~u � 0; �1�

@ ~u

@~t
� � ~u ? H� ~u � ÿ

1
~r
H~p � ~nH

2
~u: �2�

The streamfunction (~c) and vorticity (~z) formulation in dimensionless form can be obtained from (1)
and (2) as

@z

@t
ÿ H ? �zH� �ck�� �

2
Re
H

2
z; �3�

H
2
c � ÿz: �4�

The relations of streamfunction and vorticity with velocityu are

u � H� �ck�; �5�

zk � H� u: �6�

Dimensionless variables are defined according to
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where the superscript tilde denotes the dimensional variables,~r � ~xi � ~yj; i; j andk are unit vectors
in the three directions of the right-handed co-ordinate system (~x; ~y; ~z) respectively,~n is the kinematic
viscosity,~t is the time, ~U

1
is the velocity at infinity and~a is the characteristic dimension of the body;

when the body is a circular cylinder,~a is the radius of the cylinder.

3. THE HYBRID VORTEX CALCULATION METHOD

3.1. Operator splitting

It is well known that the vorticity transport equation (3) represents the two mechanisms of vorticity
diffusion and vorticity convection which occur simultaneously. For high-Reynolds-number flow, in
order to simplify the problem and following Chorin,4 the time integration is divided into two
fractional steps: pure diffusion and inviscid convection. Thus during each time stepDt the pure linear
diffusion equation

@z

@t
�

2
Re
H

2
z �8�

and the inviscid non-linear convection equation

@z

@t
� ÿ�u ? H�z �9�

are solved separately.

3.2. Domain decomposition

In order to effectively solve equations (8) and (9) by applying the hybrid vortex method, the entire
flow field is covered by a net of mesh points and divided into two regions. Region 1 is the ‘layer’ with
the thickness ofO�d� near the cylinder surface, whered is the boundary layer thickness on the surface
of the cylinder. When the radius of curvature of the body surface is equal to or greater than unity, the
thickness of region 1 is estimated by the flat plate boundary layer thickness.12 Region 2 is the slightly
viscous flow region outside the ‘layer’ and extends from the boundary of the ‘layer’ to infinity.

3.3. The hybrid vortex algebra

In region 1 the flow is viscous. The vorticity produced at the wall is carried away by convection
and diffusion. Flow separation occurs and large deformation of streamlines exist there. These
processes determine the entire flow field which in turn controls the production of vorticity. The
diffusion–vortex method is used to simulate the unsteady flow field near the wall, since it is not only
avoids the difficulties in cut-off properties of the vortices but also reduces the CPU time.

When the diffusion–vortex method is applied, the vorticity fieldz at time t0 � Dt can be
determined by solving equation (8) once the vorticity distribution at timet0 is known. Let us consider
the vorticity diffusion equation with the initial distributionz0�r; t0� at time t0 and givenzB�t� along
the boundary:

@z

@t
�

2
Re
H

2
z; �10�

zjB � zB; �11�

zjt�t0
� z0: �12�
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The solution of equations (10)–(12) at timet0 � Dt can be written as13

z�r; t0 � Dt� �

� �

O

Gz0�r
0

; t0�dOÿ
2

Re

�t0�Dt

t0

dt
�

s
zB

@G

@n

�
�
�
�
�
�
B

ds; �13�

whereG is the appropriate Green function, defined by

@G

@t
�

2
Re
H

2G � d�r ÿ r0�d�t ÿ t�; �14�

GjB � 0 �t > t�; �15�

and �@G/@n�jB indicates the derivative in the direction normal to the surface B.
Since the influence of the neighbouring vortices falls away exponentially with distance squared,

the region of vortex diffusion is very small whenRe � 1. It is thus reasonable that the Green function
for a flat plate is used as an approximation as long asl� R �l �

p

�4Dt=Re�, R being the radius of
curvature of the solid surface).5 For example, forDt � 0�02 and Re � 1000; l � 8�944 � 10ÿ3,
which is indeed much smaller thanR � 1. When the solution of the flat palte is used as an
approximation to the solution of the present problem, the functionG in region 1 can be written as

G �

1
4pDtg2

�eÿr2
1=4Dtg2

ÿ eÿr2
2=4Dtg2

�; �16�

where

g
2
� 2=Re; �17�

r2
1 � �x ÿ x1�

2
� �y ÿ y1�

2
; �18�

r2
2 � �x ÿ x2�

2
� �y ÿ y2�

2
; �19�

r1 is the distance between the vortex point at�x1; y1� and the calculated point�x; y� and r2 is the
distance between the image vortex point at�x2; y2� and the calculated point�x; y�.

In region 1 each vortex is diffused duringDt to spread its vorticity in a Gaussian distribution
manner to all the mesh points. By summing up all contributions, new vortices are created at the mesh
points after each time stepDt. They are then convected according to equation (9). In contrast with the
usual Lagrangian vortex methods, these vortices move only one time step. The redistribution of
vorticity to the mesh points at each time step can cause numerical diffusion. However, when the mesh
lengthh �h � max�Dr; rDy�� satisfies the conditionh41�756�Dt=Re�1=2 presented by Lu and Ross,5

the error generated by the vorticity redistribution isO�10ÿ5
�.

In region 2 the effects of viscosity can be neglected for high-Reynolds-number flow. Therefore the
flow far away from the cylinder can be approximated as inviscid potential flow. Thus it can undergo
only convection and deformation according to equation (9). The convection of vortices is calculated
by using the discrete vortex method and the vortex-in-cell method. Namely, when a vortex with
strengthG reaches its new location, it contributes an incremental vorticityz to the four surrounding
mesh points according to the area-weighting scheme. The corresponding vorticity distribution on the
ith grid nodes is

zi �
Ai

A2
G �i � 1; 2; 3; 4�; �20�

whereA is the grid cell area andAi is the area diagonally opposite theith node.
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In the present method the interface is similar to a ‘vorticity source surface’ and vorticity is
transferred from region 1 to region 2 by diffusion and convection. There is no additional condition on
the interface.

After the vorticity distribution at each mesh point at timet has been calculated, the velocity is
determined via the streamfunction by solving the Poisson equation (4) together with appropriate
boundary conditions. When the outer boundary is not far from the cylinder, a convective outlet
boundary condition of the form@u=@t � c@u=@x � 0 is more appropriate as it minimizes the distortion
of the convecting vortices.14 The potential flow condition is also reasonable when the outer boundary
is far from the cylinder. The influence of the computational domain on the wake of a circular cylinder
has been studied by Stansby and Slaouti.15 Their results show that the Strouhal numbers with the
computational domain radius~r

1
=~a � 120 and 400 atRe� 100 are very close to that with

~r
1
=~a � 200. They found that neither the proximity of the outer mesh boundary to the cylinder nor the

proximity of the wake to the downstream boundary has a significant influence. The influence on
forces was similarly insignificant. Furthermore, the same results can be seen from the time evolution
of force coefficients reported by some researchers.16,17 Therefore the influence of vortices crossing
the outflow boundary on the vortex structure in the near-wake and forces is small so that it can be
ignored as long as~r

1
=~a is large enough (the value of~r

1
=~a used in our computation is 111).

Here equation (4) will be solved together with the boundary conditions

cjB � cB; �21�

H� �ck�j
1
! u

1
�22�

by a subroutine (FPS2H) for all numerical examples. The subroutine, available from the IMSL
mathematical package, for solving the Poisson equation is based on representing the elliptic equation
in finite difference form using a method developed by Lynch and Rice18 and known as the HODIE
(high-order difference approximation with identity expansion) method. The resulting system of linear
algebraic equations is solved using fast Fourier transform techniques.19

According to equation (9), the vortex at each mesh point after a time intervalDt is displaced to the
location

r�t � Dt� � r�t� � 1
2 �3u�t� ÿ u�t ÿ Dt��Dt; �23�

which is a second-order-accurate integration scheme.
On the other hand, the vorticity boundary condition is determined from the Poisson equation (4). In

this paper a second formula is proposed that can be written as

zjB � ÿ

6�c�D; t� � uBD� � z�D; t�D2

2D2 ; �24�

whereD � ÿn ? dr;n is the inward-to-body normal vector anduB is the surface velocity of the body.
After the vorticity has been distributed to replace the initial vorticity field, the procedure of

calculation is repeated until the time duration of interest is covered.

4. NUMERICAL EXAMPLES AND COMPARISONS

4.1. Influence of calculation parameters

In order to discuss the influence of the grid system, region decomposition and time step on the
results, we consider the case of flow past a circular cylinder. It is convenient to use the polar co-
ordinate system�r; y� and introduce the transformationx � ln r. Here the total computational domain
has been limited tox

1
� 3p=2 �~r

1
=~a � 111�. Since the diffusion equation is being solved in region
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1, it is necessary to know the initial vorticity distribution. The vorticity is initially confined to an
infinitesimally thin region surrounding the cylinder surface. The initial vorticity can be approximated
from Rayleigh’s solution as

z � ÿ

p Re

2tp

� �

�2 sin y� uB�e
ÿ�Re=8t��exÿ1�2

�t ! 0�: �25�

The calculation for the test problems starts att � 0�001 using equation (25).
Three grid systems, three sizes of region 1 and two time steps were considered for flow at Reynolds

number equal to 3000. A comparison of the streamline patterns att � 5 was made between the
present results and the flow visualization result of Bouard and Coutanceau20 as shown inFigure 1. It
should be noted from the results shown in Figure 1 that when the number of grid nodes increases from
I � J � 129 � 257 to I � J � 257 � 513 (where I and J are the numbers of grid points in the
directionsx andy respectively,Dx � x

1
=I andDy � 2p=J �, the calculated streamline pattern agrees

better with the experimental results.20 The gridI � J � 257 � 513 is satisfactory in the comparison
of global streamline patterns, though the secondary vortices are slightly larger for the finer grid
I � J � 513 � 513. On the other hand, when the grid increases fromI � J � 257 � 513 to
I � J � 513 � 513, the CPU time for each time step increases by about 150%.

The influence of the number of grid nodes, size of region 1 and size of time step is checked for the
drag coefficientCD ((drag force)= ~r ~U2

1
~a, where ~r is the fluid density) inFigure 2. The drag

coefficient as shown in Figure 2(a) increases when the number of grid nodes increases. When the
number of nodes increases fromI � J � 129 � 257 to I � J � 257 � 513, the mean value of the
drag coefficient increases by about 6%. When the number of nodes further increases from
I � J � 257 � 513 to I � J � 513 � 513, the drag coefficient only increases by less than 2%.
Furthermore, it is found that the fluctuation amplitude of the lift and drag coefficients increases
slightly with increasing number of grid nodes after the shedding mechanism is initiated. Figure 2(b)
shows that the drag coefficient decreases when the size of region 1 increases, but the change is very
small. When region 1 increases from04x40�2 to 04x40�8, the mean value of the drag coefficient

Figure 1. Comparison of streamline patterns forRe�3000 att�5: (a) present method,I � J � 129 � 257; (b) present method,
I � J � 257� 513; (c) present method,I � J � 513� 513; (c) flow visualization by Bouard and Coutanceau20
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decreases by less than 2%. Figure 2(c) shows that when the time step increases from 0�01 to 0�02, the
drag coefficient increases slightly.

The influence of the size of time step and number of grid nodes is also checked for the radial
velocity on the symmetry axis behind the cylinder as shown inFigure 3. It can be seen in Figure 3(a)
that no significant difference in the velocity is observed betweenDt � 0�01 and 0�02. The influence
of the cylinder of grid nodes on the radial velocity on the symmetry axis behind the cylinder as shown

Figure 2. Influence of calculation parameters on drag coefficient forRe � 3000: (a) number of grid nodes; (b) size of region 1;
(c) size of time step
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in Figure 3(b) seems to be slightly larger in the ranger < 2. It is clearly seen that the difference
between the radial velocity distributions forI � J � 257 � 513 and I � J � 513 � 513 is smaller
than that forI � J � 129 � 257 and I � J � 257 � 513.

With the present method, vorticity is recreated at every time step on the vortex-in-cell mesh in
region 2. This leads to numerical viscosity when a grid stretched in the radial direction is used. This
numerical viscosity does not have any significant effect on the mean drag and flow structure in the
near wake, but it does influence the flow structure in the far wake.21 The effect of numerical viscosity
can be reduced by adopting a finer grid system.

All things considered, it is found that if one is interested only in global properties such as force
coefficients and Strouhal number, a relatively coarse grid should be adopted. Hence, if the resolution
of local properties is also of interest, a finer grid system will be necessary.

In order to further illustrate the usefulness and accuracy of the present method, we consider three
cases of flow past a circular cylinder. Taking both calculation time and accuracy into consideration,
we had decided on the following. Region 1 corresponds to04x40�4 and region 2 corresponds to
0�44x4x

1
. A grid of I � J � 257 � 513 �Dx � 0�0183;Dy � 0�0122; 0�01854D~r=~a42� nodes is

Figure 3. Influence of calculation parameters on radial velocity on symmetry axis behind cylinder forRe�3000: (a) size of
time step; (b) number of grid nodes
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Figure 4. Comparison of experimental flow visualization of Bouard and Coutanceau20 with streamlines from present numerical
calculation foruB � 0 andRe � 3000 at times (a)t � 1, (b) t � 2, (c) t � 3, (d) t � 4 and (e)t � 5
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Figure 5. Comparison of experimental flow visualization of Bouard and Coutanceau20 with streamlines from present numerical
calculation foruB � 0 andRe � 9500 at times (a)t � 1�5, (b) t � 2, (c) t � 2�5 and (d)t � 3
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adopted as the basic grid for the entire flow field. The non-dimensional time step is chosen as
Dt � 0�02. The numerical calculations have been made on an IBM 3090 mainframe computer. The
CPU time for each time step is equal to about 2 s.

4.2. Flow around an impulsively started circular cylinder

In this case,uB � 0 andcB � 0. The initial development of impulsively started flow around a
cylinder for Re� 1000, 3000 and 9500 has been studied numerically and experimentally by some
researchers. A comparison of the streamline patterns with the numerical results of Chang and Chern6

for Re� 1000 was made by us in Reference 21. It shows that generally the agreement between the
results obtained by the two methods is good. Comparisons of the streamline patterns with the
experimental results of Bouard and Coutanceau20 for Re� 3000 and 9500 are given inFigures 4and
5 respectively. Since the flow is symmetrical about the liney � 0� in these figures, for brevity, only
one part of each flow will be shown.

It can be shown from Figure 4 that the present results are in agreement with those obtained by the
flow visualization experiment. Both show the elongation with time of the main vortex and the
appearance of a secondary vortex of opposite vorticity near the separation point at timet � 3. The
secondary vortex grows in size until it touches the boundary of the main recirculation zone and splits
the main vortex into two parts. Two secondary vortices of opposite vorticity emerge in the part near
the separation location and constitute the so-calleda-phenomenon att > 3. For Re � 9500 the
computed results are compared with the experimental flow visualization in Figure 5 fort � 1�5; 2; 2�5
and 3. It is seen that the agreement between the experimental flow visualization results and the
present calculated results is good.

The qualitative agreement in streamline patterns can be quantified by comparing their main vortex
length. It is found that in the case ofRe � 1000 the values of the dimensionless main vortex length
L � ~L=~a (defined in inset ofFigure 6) at t � 1; 2; 3 and 6 are 0�22, 0�5, 0�8 and 1�8 respectively, at
Re � 3000 the values att � 1; 2; 3; 4 and 5 are 0�1, 0�32, 0�65, 1�08 and 1�5 respectively and at
Re � 9500 the values att � 1�5; 2; 2�5 and 3 are 0�12, 0�25, 0�3 and 0�45 respectively. The main
vortex length has been plotted as a function of time in Figure 6. ForRe � 1000 and 3000 the main
vortex length increases almost linearly. The figure also shows the results from other studies.6,20 The
results from both numerical methods and the experiments show good agreement.

Figure 6. Evolution with time of main vortex length
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Figure 7shows the time evolution of the separation angley (defined in inset of Figure 7) for
Re � 1000. The separation angle increases rapidly and tends towards a stationary value in the early
stage of the flow. Comparisons are made with results from other numerical calculations6,22,23 and
again the agreement is good.

Figure 8gives the radial velocity profiles aty � 0�. The evolution with time of the radial velocity
is compared with the numerical results of Ta24 at Re � 1000 and the experimental results of Bouard
and Coutanceau20 at Re � 3000 and 9500. The present results as shown in Figure 8 are in good
agreement with the other numerical and experimental results.

Figures 9and 10 present the evolution with time of the distribution of vorticity at the cylinder
surface. A comparison of the time evolution of vorticity distribution over the surface of the cylinder
with the analytical results of Bar-Lev and Yang25 and Collins and Dennis22 has been conducted for
Re � 1000. It is found that the present results are also in good agreement with their results during the
early stage of the flow. The results in Figure 10 permit the determination of the moment of
appearance of a secondary vortex, which is at aboutt� 3, 2�5 and 1�8 whenRe � 1000, 3000 and
9500 respectively.

A comparison of the time evolution of drag coefficient from the present method and the numerical
method of Chang and Chern6 is given inFigure 11. The agreement of the results generated by the two
different numerical methods is good over the range of time investigated.

The time histories of the total lift and drag coefficientsCL ((lift force)= ~r ~U2
1

~a) and CD at
Re � 1000 are shown inFigure 12. In the case of numerical calculations of such a flow there are no
destabilizing effects except for the numerical errors. Since the geometry of the flow domain and the
boundary conditions are symmetrical, the solution of the equations is also symmetrical. This happens
in the present case. Therefore an initial perturbation of the wake is required in order to initiate the
alternate vortex shedding. In the present study a rotation of the cylinder is imposed for a short
duration to provide the initial perturbation. After a period of evolution the lift and drag coefficients
show regular fluctuation with a constant amplitude att > 25 as shown in Figure 12. The ensemble
mean fluctuation amplitude of the lift coefficient,�CLmax, is 1�1. This is higher than the value of
�CLmax � 0�8 reported by Linget al.9 and is in close agreement with the value of�CLmax � 1�05
reported by Tabata and Fujima,26 both also at the same Reynolds number of 1000. Stansby and
Slaouti15 reported values of�CLmax � 0�3 and 0�6 at Re � 60 and 180 respectively in their
computation. The present result atRe � 1000 is along the correct trend that�CLmax increases with
increasing Reynolds number according to available computed results in the literature. Based on the
time variations in the lift coefficient, one can determine the Strouhal number of the flow by taking the
inverse of the average period of the last five full cycles of oscillation. In the present investigation the

Figure 7. Time variation in separation angle forRe � 1000
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dimensionless vortex-shedding frequencyf is equal to 0�103, where f � 1=T and T is the
dimensionless period of vortex shedding. The Strouhal numberSt is related tof by St � 2f ; St is thus
equal to 0�206 for the present case. AtRe � 1000 the value ofSt obtained by Roshko27 in his
experiment is about 0�21. This indicates that the vortex-shedding frequency obtained from two-
dimensional numerical simulation is agreement with the result obtained from experiment.

Figure 8. Evolution with time of radial velocityur versusr aty � 0� for (a)Re � 1000 (discrete data taken from Reference 24),
(b) Re � 3000 and (c)Re � 9500 (discrete data taken from Reference 20)
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4.3. Flow past a rotating circular cylinder

In this case,uB � 0�5 andcB � 0. The patterns of instantaneous streamlines forRe � 1000 at
different times are shown inFigure 13as extracted from Reference 21. In Figure 13 the present
results are shown alongside the experimental results of Badret al.28 for Re � 1000. At t � 3 a
secondary vortex appears near the cylinder in the neighbourhood of the second (bottom right) vortex
and this secondary vortex is still present att � 4 as shown in Figure 13(b). It should be noted that for
the results shown in Figure 13, unlike the non-rotating cylinder case, an artificial initial perturbation

Figure 9. Comparison of time evolution of vorticity distribution over surface of cylinder forRe � 1000: (a) Reference 25;
(b) Reference 22; (c) Present
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was not necessary, as the rotation automatically creates asymmetry in the formation of wake flow

Figure 10. Time evolution of surface vorticity for (a)Re � 1000, (b) 3000 and (c) 9500
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behind the cylinder. Detailed comparisons between experimental and computational results were
made by Chewet al.21 for different uB. All the comparisons show generally close agreement.

To demonstrate the validity of the present numerical results, some of the present results on initial
velocity profiles are compared with the experimental as well as the numerical results28 at uB � 0�5.
The present results shown inFigure 14(a) (extracted from Reference 21) for the radial velocity at
y � 0� are in better agreement with Badret al.’s28 experimental data than are their own computed
results. They also indicate quantitatively the growth in attached vortices with increasingt and the
approach of velocity towards the freestream value with increasingr. The radial velocity aty � 90� in
Figure 14(b) (extracted from Reference 21) indicates that the strong shear region caused by cylinder
rotation is limited to about 20% of the radial distance from the wall.

In order to check the influence of the initial velocity condition on the result, the variation in the
drag coefficient with time using different initial vorticity conditions is shown inFigure 15. It can be
seen that the difference in the drag coefficient curves obtained respectively by means of the
asymptotic initial vorticity condition as adopted by Chewet al.21 and Rayleigh’s solution as adopted
here becomes small as time increases. The difference resulting from the different initial vorticity
conditions, as shown in Figure 15, is confined to a very limited time close tot � 0. This means that
the influence of the initial flow field is small and requires no special treatment in the present method.

Figure 16shows the time histories of the lift and drag coefficients. It is found that the drag has a
dual-periodic behaviour corresponding to the shedding of two different size vortices from the upper
and lower sides of the cylinder. The lift shows a periodic behaviour and remains negative for almost
the entire run. The same characteristic shapes of lift and drag were reported by Badret al.28

Figure 11. Comparison of time evolution of drag coefficient from two numerical methods forRe � 1000, 3000 and 9500

Figure 12. Variation in lift and drag coefficients with time foruB � 0 andRe � 1000
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Figure 13. Comparison of streamline patterns with experimental flow visualization foruB � 0�5 and Re � 1000 at times
(a) t � 3 and (b)t � 4

Figure 14. Comparison of velocity profiles foruB � 0�5 andRe � 1000: ur versusr at (a)y � 0� and (b)y � 90�; present
calculation, —; Badret al.’s calculation,28 – – – ; experimental points taken from Reference 28
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4.4. Flow around a circular cylinder with rotational oscillations

In this case,uB � 3 sin�2pfct�; fc � 0�5 andcB � 0. Figure 17shows the streakline patterns of
vortex shedding. The phenomenon of vortex–vortex interaction appears clearly in the wake. The
details of the merging of small-scale vortices into large-scale vortices are shown chronologically in
Figure 17. The visualization experiments by Ongoren and Rockwell29 and Tokumaru and
Dimotakis30 also show that over a wide range offc the perturbed near wake rapidly recovers to a
large-scale antisymmetrical pattern similar in form to the von Ka´rmán vortex street.

Figure 18shows the time histories of the lift and drag coefficient. There are two dominating
frequencies in the lift: one of them is the forcing frequency; the other, lower one is the frequency of
large-scale vortex formation. The results indicate that the present hybrid method has good stability
and adaptability to moving wall boundary conditions.

5. CONCLUDING REMARKS

The numerical results show that the present method is capable of satisfactorily predicting the flow
characteristics in the vicinity of a cylinder surface, such as flow separation, surface vorticity
distribution, radial and tangential velocity variation, main vortex length anda-phenomenon, as well
as the global flow features, such as periodic variations in the flow, lift and drag forces, vortex
shedding and Strouhal number. Whenever comparison is possible, the results of the present

Figure 15. Influence of difference initial vorticity distributions on drag coefficient foruB � 0�5 andRe � 1000: o, asymptotic
formula as adopted by Chewet al.;21

� , Rayleigh solution

Figure 16. Variation in lift and drag coefficients with time foruB � 0�5 andRe � 1000
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Figure 17. Patterns of streaklines foruB � 3 sin�2pfct� andRe � 1000 at times (a)t � 51, (b) t � 52, (c) t � 53, (d) t � 54 and
(e) t � 55
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computations are found to be in good agreement with the experimental and numerical results
obtained by other investigators. The present method has good stability, simplicity and adaptability to
moving wall boundary conditions. More detailed investigations of the flow around bluff bodies at
different Reynolds numbers are being carried out by the authors using the hybrid vortex method in
further work.
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